Heisenberg antiferromagnetic spin "ladders" (two coupled spin chains) are low-dimensional magnetic systems which for S = 2 interpolate between half-integer-spin chains, when the chains are decoupled, and effective integer-spin one-dimensional chains in the strong-coupling limit. The spin-2 ladder may be realized in nature by vanadyl pyrophosphate, (VO)2P207. In this paper we apply strong-coupling perturbation theory, spin-wave theory, Lanczos techniques, and a Monte Carlo method to determine the ground-state energy and the low-lying excitation spectrum of the ladder. We find evidence of a nonzero spin gap for all interchain couplings J& )0. A band of spin-triplet excitations above the gap is also analyzed. These excitations are unusual for an antiferromagnet, since their long-wavelength dispersion relation behaves as (k -ko) (in the strong-coupling limit J~))J, where J is the in-chain antiferromagnetic coupling). Their band is folded, with a minimum energy at ko =m, and a maximum between kl =~/2 (for J~= 0) and 0 (for J& =~) . We also give numerical results for the dynamical structure factor S(q, co), which can be determined in neutron scattering experiments. Finally, possible experimental techniques for studying the excitation spectrum are discussed.
I. INTRODUCTION
The subject of quantum antiferromagnetism in lowdimensional systems has been a very active field in recent years. One specific area of research is one-dimensional spin chains, in particular the excitation spectrum as a function of spin. Much of the recent interest in this field was stimulated by Haldane's conjecture' that integer-spin chains have a spin-excitation energy gap, whereas halfinteger-spin chains are gapless. Although this has now been convincingly demonstrated numerically for S =1 (Ref. 2) and S = -, ' (Ref. 3), a detailed understanding of this result is lacking, and studies of related generalizations of the Heisenberg chain might be expected to lead to additional insights.
Recently, the closely related field of two-dimensional spin systems has been the subject of intense study, due to speculations that the S = -, ' square-lattice antiferromagnetic copper-oxygen planes might be a vital component of the mechanism of high-temperature superconductivity. 
The function I (k) is
B. Spin-wave theory For S = -, ' and Jz =0 we recover the usual spin-wave energy per spin for the chain of = -0.4317J, rather close to the exact result -(ln2 --, ' )J = -0.4431J. In the strong-coupling limit J~))J the spin-wave result approaches the correct energy --', J~. However, for moderately large J~/J the spin-wave result departs considerably from the correct energy. For example, at the equal-strength point J~=J, spin-wave theory predicts a bulk-limit energy of Et /(2L)= -0. 553J, close to our numerical result (to be discussed) of Eo/(2L) = -0. 578J. However, at the larger value J~/J = 2 we find Eo /(2L)= -0.769J, far from the correct value of Eo/(2L) = -0. 859J. This behavior is evident in Fig. l Tables I and II. To extrapolate these energies to the bulk limit we require an ansatz for the asymptotic finite-size dependence. We used the form Fig 2) and still remain positive for all Jz )0 in the bulk limit.
Unfortunately, our bulk-limit numerical results are not sufficiently accurate to allow us to determine the functional dependence of the gap on J~f or small J~/J.
In contrast to the ground-state energy, the theoretical techniques we have employed do not give useful results for the gap in the limit of small J~/J; the strong-coupling result Eq. (10) (Table II) for the singlet-triplet energy gap versus J~. We show Lanczos results for 2 X 4 to 2 X 12 lattices, Monte Carlo results for 2X24, and an extrapolation to the bulk limit. The curves are quartic fits to the Lanczos data.
Despite the di6'erent k dependences it is notable that the bandwidth changes only from (vr/2)J to 2J as the rung coupling Jz increases from zero to infinity; evidently this bandwidth, if experimentally accessible, could serve as a measure of the in-chain coupling J. For fixed J the spinwave velocity falls as J~i ncreases, from the chain value of (vr/2)J at Ji =0 to zero as Ji -+ oo.
The form of this triplet band of spin excitations at intermediate J~/J may be seen qualitatively in Fig. 3 (m,~) It is easiest to interpret our results by beginning with the largest value of Jz. In Fig. 4 triplet excitation, remains clear in all cases. Note that the offset of the first peak, at co=0. 5J in Fig. 4(a 
